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Introduction

Fixed point is one of the most powerful and fruitful tools of modern mathematics and my
be a core subject of non linear analysis. In 1886 Poincare was the first to work in this field.
Then Brouwerin 1912 proved fixed point theorem for the solution of the equation f(x) = x.
He also proved fixed point theorem for a square, a sphere and their n-dimensional counter
parts which was further extended by Kakutani. Mean while Banach principle came in to
existence which was considered as one of the fundamental principle in the field of functional
analysis. In 1922 Banach proved that a contraction mapping in the field of a complete metric
space possesses a unique fixed point. Later on it was developed by Kannan. Fixed point
theory is a interdisciplinary topic which can be applied in various disciplines of mathematics.

The goal of our work is to show the different theorems of fixed point of Banach and
Kannan’s in different space(metric and generalized metric space, functionnal space). This
theorems are very important in mathematics to find a solution of some equation operator.

This memory is diveded into three chapter:

First chapter: In this chapter we speak about some definitions and some basis in
metric space and functionnal space who needs in the other chapter.

Second chapter: In this chapter we have presented the theorems of Banach and
Kannan in the metric space and functionnal space.

Third chapter: we presented the application of the theorems of Banach and Kannan’s.



Chapter 1

Basics and preliminaries

1.1 Introduction

In this chapter we expose fundamental notions and theorems are presented, which will be
used in the following chapters, these theorems that are used briefly or intuitively, of raison

to guide towards the axis of our work.

1.2 Some fundamental definitions and theorems

1.2.1 Banach space

A normed vector space (E, ||.||) is called a Banach space, if any so-called Cauchy sequence
in £ is convergent to a limit that belongs to F; where a sequence{z(™}° is called

a Cauchy sequence if the following holds:
For any £ > 0 there exists ng(¢) such that H:L’(m) - x(")” <e

if m,n > ny(e).

1.2.2 Metric space

suppose X is a set and d is the real function defined in the cartesian product X x X. then

d 1is called a metric on X | if, and only if, for each a,b,c € X :
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- d(a,b) > 0 for all a,b € X and d(a,b) = 0 if and only if a = b,
’ d(CL, b) d(ba a)?
- d(a,b) < d(a,c) + d(c,b).

1.2.3 Completeness

Suppose (X, d) is a metric space and S is a subset of X. We say that S is a complete subset
of X, if, and only if, the metric subspace (5, d) of (X, d) is a complete metric space.

1.2.4 Complete metric space:

If (M, d) is a metric space, then there exists a complete metric space (M*, d*) and a mapping
h: M — M*such that

1) h is an isometry d*(h(zx), h(y)) = d(z,y) z,y € M

2) h(M) is dense in M*.

1.2.5 Generalized metric space

Let X be a nonempty set. Suppose that the mapping d: X — X, satisfies :

(i)d(z,y) > Ofor all z,y € X and d(x,y) = 0 if and only if x = y;

(id)d(z,y) = d(y,z) for all z,y € X;

(ti)d(z,y) < d(z,w) + d(w,z) + d(z,y) for all z,y € X and for all distinct points
w,z € X\{x,y} [rectangular property].

Then d is called a generalized metric and (X, d) is a generalized metric space.

1.2.6 Sequentially convergent

Let (X, d) be a metric space. A mapping T': X — X is said to be sequentially convergent

if we have, for every sequence {y,}, if {T'y,} is convergence then {y,} also is convergence.

1.2.7 Subsequentially convergent

Let (X,d) be a metric space. A mapping 7' : X — X is said to be subsequentially

convergent if we have, for every sequence {y,}, if {T'y,}
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is convergence then {y,} has a convergent subsequence.

1.2.8 Cauchy sequence

A sequence of vectors (z,,) in a normed space is called a Cauchy sequence if for every £ > 0
there exists a number M such that ||z, — x| < ¢

for all m,n > M.

1.2.9 Normed vector space

Let X be a vector space over K, (K = R or C), the field of real or complex numbers. A
mapping||.|| : X — R is called a norm, provided that the following conditions holds:

(@) llz = 0=z =0,

(ii) || Az|| = | ]|z]| , YA € K, Vx € X,

(iif) lz + yll < [lzll + Iyl , Yo,y € X.

If X is a vector space and||.|| is a norm on X, then the pair (X, ||.||) is called

a normed vector space.

1.2.10 Norme space

A vector space with a norm is called a normed space.

1.2.11 Normal structure

A bounded convex set K in a Banach space X is said to have normal structure if for each

convex subset S of K which contains more than one point, there exists x € S such that
supyes [|[x — yl| < 3(5),

§(5),being the diameter of S.

1.2.12 Definition

A mapping T of a bounded subset K of a Banach space X into itself is said to have property

B on K if for every closed convex subset F' of K, mapped into itself by T" and containing
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more than one element, there exists x € F' such that
| = Ta|| <sup|ly — Tyl
yeF
Remark 1.2.1

If K has normal structure then a mapping 7', having property A on K, of K into itself

must have property B on K but not conversely.

1.2.13 Reflexivity

A normed space X is said to be reflexive if the natural embeding mapping ¢ : X — X** is

onto. In this case, we write X = X** or X = X**

1.2.14 Lipschitzian operator

Let (X, d) be a metric space. A map F': X — X is said to be Lipschitzian if there exists a
constant o > 0 with

d(F(x), F(y)) < ad(z,y) forall z,y € X.

1.2.15 Dense

Suppose X is a metric space and S is a subset of X then S is said to be dense in X, if, and
only if
S=X.



Chapter 2

Comparison between the principle of

Banach and Kannan’s

2.1 Introduction

In this chapter we discuss about the Banach and Kannan’s principles, and we show the

difference between them.

2.2 In the case of a functional space
Theorem 2.2.1 (Kannan)

Let T be a mapping of a nonempty bounded closed and convex subset K of a reflexive

Banach space X into itself and let T" have property A over K. Then if

supyer ||y — Tyl < 6(F)

for every nonempty bounded closed convex subset F' of K, containing more than one
element and mapped into itself by 7', has a unique fixed point in K.

Proof.

Let 7 be the family of all closed convex bounded subsets of K, mapped into itself by 7'

Obviously 7 is nonempty. Applying Zorn’s lemma, we get a minimal element S in 7, being



2.2. In the case of a functional space

minimal with respect to being nonempty, bounded closed and convex and invariant under
T. If S contains only one element , then that element is a fixed point of T'. If not, let S

contain more than one element. Now for z,y € S,

x—Tx y—"Ty
lo = Tall My =Tl o cop iy — Tyl

T —Ty| <
|| < H2 5 < sup

T'(S) is contained in the closed sphere C' with Tz as a centre and supyes ||y — Tyl as radius.
Also SN C is invariant under 7. Therefore by the minimality of S it follows that S C C
ie.;

| T2 —Ty| < sup|ly — Ty
yeSs

for every y € S.

Hence, for any arbitrary but fixed z € S,we have

sup [Tz —y|| < suplly — Tyl . (2.2.1)

Let ' ={z€5: Sup,cg ||z — yl|}. Obviously S is closed, convex and nonempty (Tz € S'),
then z € S and hence Tz € S' by (2.2.1). Hence S’ is invariant under 7. Also

8(S") <sup |y — Tyl < 8(S)
yes

by hypothesis.

Hence S’ is a proper subset of S, which contradicts the minimality of S.

Hence S has only one element which is a fixed point of 7'. The unicity of the fixed point
follows from the fact if x* =Tx,y =Ty then

x—Tx -T
I I Ny =Tyl

-yl =Tz —Ty| <
=yl = 1T = Tyl < :

0

Theorem 2.2.2 (Kannan)

Let T be a continuous mapping of a bounded closed and convex subset K of a reflexive

Banach space X into itself and let T" have properties A and B over K. Then T
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has a unique fixed point in K.

Proof.

Let S be the minimal element in X with respect to being closed, convex, bounded and
invariant under 7.

If S contains only one element, the theorem is obvious. If not, by property B, there

exists x € 9, such that
|le —Tz|| =r <suplly —Ty| . (2.2.2)
yes

Let P={z € S:|lzr—Tx| <r}. If x € P, then since

|7 — 7% <

|lx — Tz N |Tx — T?x||
2 2
we have ||Tx — T?z|| < r which implies T'(P) C P.LetP,) = cl co(TP).
If z € P', then any one of the following three cases may arise:
(1) z € TP and since TP C P, henceTz € P'.
(2) z=> Tz 0; 20,5 a;=1and z € P.

lz = Tz|| = H(ZaiTzi)—TzHgZaiHTzi—TzH

|z —=Tz|| | llzi — Tzl
Zai{ 92 T 9 h

A

—-T
< Zai{HZ—QZH%—g}, since z; € P,
e =T LT
- 2 2’

|z = Tz|| <r which implies z € P and henceTz € Tz € TP C P’

(3) z is a limit point of P’ in which case by the continuity of T it follows that z € P
and hence Tz € P'.

Thus P’ is a closed, convex subset of S which is invariant under 7" and, for every element
zof P, ||z — Tz|| <r, which implies by (2.2.2) that P’ is a proper subset of S.

This contradicts the minimality of S. Hence S contain only one element. This element

is the unique fixed point of T', unicity being true as seen as in theorem (2.2.1). m
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Theorem 2.2.3 (Banach)

Let (E,||.||) be a Banach space, and let D C F be nonempty and closed. If the function
T:D — D satisfies

IT(z) =TIl < g [lz =yl forall z,y € D

with some ¢ < 1, then within D there exists a unique fixed point x* of T'.
Proof.
First, we note that from (2.2.3) it follows that 7' is continuous. Then, we choose
arbitrarily (¥’ € D and consider the sequence "+ := T'(2™) , n =0, 1, ...

This sequence is well-defined, since 7T is a self-mapping. From
o — 2™ = [T (@™) = T )| <q- |l
We get by induction
|2t — 2| < g7 - |2 — 2@ (2.2.3)
Now, for any p > 0 we have

[0+ — 2™ < (| — T + || T (@) = T@™)|| + || T (™) — 2|
< Hx(nﬂ)) _ T(x("+p))|| +q- Hx("“’) _ x(n)H + ||T(x(”)) — x(n)H

S [ [ Ol R M O

So, by (2.2.4), it follows

Hx(n-i—p) _ l,(n)H < 1L_q(czn-i—p —q") - ||$(1) _ x(O)H — qlp_j_ql . Hx(l) _ ‘T(O)H q"<c-q"

with

Hence, {2"}22, is a Cauchy sequence. The latter has a limit, say z*, since £ is a Banach

space, and x* € D, since D is closed. Due to the continuity of 7" we have

T(z*) = T(lim ™) = lim(T(z™) = lim 2"+ = 2*,
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This means, that x* € D is a fixed point of T
To show uniqueness, we assume that 7' has two fixed points, say z*, y*. Then, with (2.2.3)

it follows
|z* =y | = [T(@") =T < q-llz" =y

However, this can only be true if z* = y*, since ¢ < 1. To get the related error estimate we

consider
2 =2 < [Jla = 2] 2D — o]

= Hx(”“) — $(n)H + HT(x(”)) —T(z%)

< Hx(”“) _ x(n)H +q- Hx(n) o
hence,

* 1 n n
o = ) < e -]
By (2.2.3), we find
Hx(")—x* < Hx(l)_x(O)H‘
ST,

2.3 In the case of metric and generalized metric space

Theorem 2.3.1 (Banach)

Let (X,d) be a complete metric space and let F' : X — X be a contraction with
Lipschitzian constant L. Then F' has a unique fixed point v € X. Furthermore, for any

x € X we have

lim F"(z) = u,
with
d(F"(z),u) < d(z, F(x)).
1-L
Proof.

We first show uniqueness. Suppose there exist z,y € X with x = F(z) and y = F(y).
Then therefore d(x,y) = 0.

10
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d(z,y) = d(F(x), F(y)) < Ld(z,y),
therefore d(z,y) = 0.

To show existence select = € X. We first show that { F(x)} is a Cauchy sequence. Notice
for n € {0,1,...}that

d(F™(z), F*"*Y(2)) < L - d(F" " (z), F*(z)) < ... < L™ - d(x, F(x)).

Thus for m < n where n € {0,1, ...},

d(F"(x), F™(x)) < d(F™(z), F""Y2)) + d(F" ™ (z), F""(2)) + ... + d(F™ (z), F"(x))
L" - d(z,F(z)) + ... + d(F™ '(z), F"(x))
L d(z, F(x))[L + L* + L* + L* + ...

Ln
—— - d(x, F(2)).

IN

IN

IN

That is for m > n,n € {0,1,...},

A(F" (@), (@) < 1

This shows that {F"(z)} is a Cauchy sequence and since X is complete there exists u € X

~d(z, F(z)).
with lim,, . (z) = u.
Moreover the continuity of F' yields
u= lim F""(z) = lim F(F"(z)) = F(u),

therefore u is a fixed point of F'. m

Remark 2.3.1 The last theorem requires that L < 1. If L = 1 then F' need not have a
fixed point.

11
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Theorem 2.3.2 (Banach)

Let (X, d) be a compact metric space with F': X — X satisfying

d(F(z), F(y)) < d(z,y)

for x,y € X and x = y.
Then F' has a unique fixed point in X.
Proof.
To show existence, notice the map x — d(z, F'(x)) attains its minimum, say at zo € X.

We have = = F(x) since otherwise

d(F(F(x0)), F(x0)) < d(F (o), 0)

a contradiction.

To show uniqueness suppose that there exists =,y € X such that x = F(z),y = F(y),
d(F(z), F(y)) = d(z,y),

d(z,y) = d(F(z), F(y)) < d(z,y)
therefore d(z,y) =0 =z =y. =
Theorem 2.3.3 (Kannan)
Let E be a metric space with p as metric. Let T be a map of E into itself, such that
o oT(p), T(q)] < fplp, T(P)] + pla, T(@)]}, 0 <a < 3,p g€ E.

e ' is continuous at a point & € FE.

e There exists a point z € E such that the sequence of iterates {7T"(z)} has a subse-

quence {T™(x)} converging to &.

Then £ is the unique fixed point of 7.
Proof.
Continuity at £ of T' implies that {77+ (x)} converges to T'(§).

12
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Suppose & # T'(£). We consider two open discs S; = S1(€,n) and Sy = Sa(T'(€),n)
centered at & and T'(§) respectively and of radius n > 0 where 1 < $p[&, T(£)].
Since{T™i(z)} converges to { and {T™+*(x)} converges to T'({), there exists a positive

integer N; such that ¢ > N; implies
Tm<CL’) e Sy, T+ (.l’) € S,.

Hence

p[T™ (z), T (z)] > n, (i > Ny).

On the other hand,
p[T™ (), T+ (x)] < afp[T™ (2), T (x)] + p[T"+ (z), T+ (2)]}.

Hence

pIT"+ (), T+ ()] <

For | > j > Nj,we have

pII™ (@), T (@) £ 1= p[I™ (), T ()]
S (TPl @), T (@)
S (o) el @), T )

Theorem 2.3.4 (kannan)

Let £ be a metric space with p as metric and let 7' be a map of E into it self. Suppose
that T" is continuous at a point z¢ € E. If there exists a point x € E such that the

sequence of iterates {T™(z)} converges to xo then T'(xy) = zo. If in addition,
p[T(SCo),T(f)] é ap(I07€)v g S E7 O<a< 17

then z( is the unique fixed point of T

13
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Proof.

Let x, = T"(x), then x, — xy as n — co. Now

A

plT'(20), xn] 4 p(an, o)
= p[T(x0), T(xp-1)] + p(2n, T0).

pl(x0), o]

The laft hand side is indipendent of n and the right hand side tends to zero as n — oo, so
letting n — oo we obtain T'(xg) = .

If there exists § # x¢ such that T'(0) = § then
p(w0,0) = p[T'(w0), T(9)] = ap(xo,9),
gives 1 < «, which is a contradiction. =
Theorem 2.3.5 (Kannan)

Let (X,d) be a complete metric space and 7,5 : X — X be a mapping such that 7" is

continuous, one-to-one and subsequentially convergent. If A € [0, 3) and
d(TSz, TSy) < Nd(Tz,TSx) +d(Ty, TSy)] (z,y € X) (2.3.1)

then S has a unique fixed point. Also if T' is sequentially convergent then for every xg
€ X the sequence of iterates {S™z(} converges to this fixed point.

Proof.

Let 2 be an arbitrary point in X. We define the iterative sequence {x,} by z,+1 = Sz,

(equivalently, x,, = S"xg), n = 1,2, ....Using (2.3.1), we have

d(Tzy, Trpy) = d(TSx,_1,TSx,) (2.3.2)
< MNd(Txp—1,TSxp-1) + d(Tx,, TSz,)],
S0,
A
d(T.Tn,TfL'n+1) S m <T$n,1,Txn). (233)

Using induction and (2.3.3),

2
ATz, Tr,1) < %d(Txn_l,Txn) < (%) d(Tx, o, Tx, 1) (2.3.4)

A

14
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By (2.3.4), for every m,n € N such that m > n we have,

ATy, Tr,) < dTxm Trm 1)+ d(Txm 1, Tm 2)+ ... + d(Txp1, Txy)

() () e ()

_ ( A ) 1_(1 A)cz(ngo,Tgcl) (2.3.5)

IA

d(TfL’(), T[El)

1—A

Letting m,n — oo in (2.3.5), we have {T'z,} is a cauchy sequence, and since X is a

complete metric space, there exists v € X such that

lim Tz, = v. (2.3.6)

n—oo

Since T is a subsequentially convergent, {x,} has a convergent subsequence.
So there exists u € X and {,)}32, such that lim,_. 2,4 = w.

By (2.3.6) we conclude that Tu = v. So

d(TSu,Tu) < d(TSu,TS"Pxy) + d(TS" Wy, TS"WH ) + d(TS" O+ g, Tu)
< MNd(Tu, TSu) + d(TS" W 2, TSP zy)]

A n(k)
+ (1 _ )\) d(TS:Em Tx()) + d(Txn(k)Jrl, TU)

n(k)—1
< Md(Twu, TSu)—I—)\(l A)\) d(Txg, Txy) +

A n(k)
(ﬁ) d(Txq, Txo) + d(TTny 41, Tw)
hence,
A n(k) 1 A n(k)
1
+——d(Tp)+1, Tu). (2.3.7)

1—A
Letting k — oo in (2.3.7) we get d(T'Su,Tu) = 0.
Since T' is one-to-one Su = u. So S has a fixed point.
Uniqueness of the fixed point follows from (2.3.2).
Also if T is sequentially convergent, by replacing {n} with {n(k)} we conclude that

lim,, o ¥, = v and this shows that {x,} converges to the fixed point of S. m

15
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Theorem 2.3.6 (Kannan)
Let (X, d) be a complete generalized metric space, and the mapping 7' : X — X satisfies
d(Tz,Ty) < A[d(z, Tz) + d(y, Ty)], (2.3.8)

for all z,y € X, where A € [0,1).

Then T' has a unique fixed point.

Proof.

Let xy be an arbitrary point in X. Let x; = T'(xo), if 1 = xo then zo = T'(z) this
means xg is a fixed point of 7' and there is nothing to prove.

Assume that z1 # xg, let x5 = T'(x1). in this way we can define a sequence of points in
X as follows:

Tpi1 =T, =T" 29,2, #2901 n=0,1,2,...

Using the inequality (2.3.8), we have

d(xp, xpe1) = d(Tzp_q,Txy)

< Nd(@p-1,Txp1) + d(20, Txy)]
S [d(l’n_l, xn) + d<xn7 -rn—&-l)]

A
< md(xnfla xn)

We can also suppose that x( is not a periodic point, in fact if z,, = x, then,

d(wo, Txo) = d(x,,Txn) = d(T"x0, T" 1) < ﬁd(T"‘le,T"acg)

Nk A"
S [m:| d(Tn_QxﬂyTn_le) S S [m] d(.TO,T.TO).

Put h = [ﬁ} , then A < 1 and

It follows that xq is a fixed point of T. Thus in the sequel of proof we can suppose T"x
for n =1,2,3,...Now ineguality (2.3.8) implies that
d(TnZL‘07 Tn+ml'0) S )\[d(T”_lxo, TnZL’()) + d(TTH_m_lQIO, Tn+m5(30)].
< )\[hnild(l’g, TLU()) + thrmild(SCo, Txo)

16



2.3. In the case of metric and generalized metric space

Therefore, d(z,, Tyim) — 0 as n — oo. It implies that {z,} is a cauchy sequence in X.

Since X is complete, there exists a u € X such that x, — u. By rectangular

property we have

d(Tu,u) <

IN

IN

IN

d(Tu, T"xq) + d(T" 2o, T" M 20) + d(T™ 20, u)

Md(u, Tu) + d(T™ Y ag, T"x0)] + h"d(z0, Two) + d(T" 20, 1)

n

h
d Tn—l "
)\ ( Zo, fL‘Q) + 1 )\

1
d(xg, Txo) + md(T"“a:o, u).

1
d(xo, Txo) + ﬁd(T”on, u)

1—A

h*d(xzo, Txo) +

Letting n — oo and using the fact that, d(a,,y) — d(a,y) and d(z, a,,) — d(z, @) whenever

a, is a sequence in X with «,, — o € X, we have u = Tu.

Now we show that T has a unique fixed point. For this, assume that there exists another

point v in X such that v = Tv. Now,

Hence, u =v. =

dv,u) = d(Tv,Tu)

IN

Md(v, Tv) + d(u, T'u)

< M(v,v) +d(u,u) = 0.
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Chapter 3

Applications of Banach and Kannan’s

theorems

3.1 Introduction

In this chapter we discuss some applications of the theory of Banach and Kannan’s to integral

equations.The goal is to illustrate possibilities of applications of techniques of them.

3.2 Application in simple function

3.2.1 Applications of the principle of Banach

Let (M, d) be a metric space.

Let T: M — M be a continous function and contractante such that 7T'(z) = x? — 3.

Let ¢ = 2, we have

18



3.2. Application in simple function

We have
o = 2,
1 3 7
T1 2(JIQ+ [L’o) 4 75,
1 3
1 3
= = —) =1.7320
€3 2(I2+ 172) )
1 3
4 = =(z3+—)=1.7320=+3.
2 T3

So z = /3 is the fixed point of T'.

3.2.2 Applications of the principle of kannan

Consider 7' : [0,1] — [0,1] defined as

For any 2,y € [0, 1], d(z,y) = |z — y].
If 2,y € [0,%), then d(Tz, Ty) = |Tx — Ty| = |z — y| and

d(z,Tz) = |z — Tx| = |22 — 1| for all .

%(d(x,Tde(y,Ty)) _ %(|2x—1+2y—1|
1 1
[
> |lr—yl=[1-y) - (1—2)
= d(Tz,Ty).

This implies
1

for all z,y € [0, %) )

19



3.3. Application in integral equation

If 2,y € [1, %] jthen d(Tx,Ty) = [Tx — Ty| = 3 |x —y| and
1
d(z,Tx) = |z —Tx| = 3 |22 — 1]

for all z.

S, Ta) +dly, Ty)) = 3(5 17 —1+2y — 1)

2
1 1 1
= 53] +p-s)
1 1
> gle—yl=31(1—y) - (1 -2)| =dT,Ty).

This implies
1
d(Tz,Ty) < 5(d(z, Tz) +d(y, Ty))

for all z,y € [1, %] )

Thus T is a Kannan mapping have a unique fixed point.

3.3 Application in integral equation

3.3.1 Applications of the principle of Banach
Fredholm Integral Equations

Theorem 3.3.1 If A is a bounded linear operator on a Banach space E, and ¢ is an

arbitrary element of E, then the operator defined by
Tf=aAf+ ¢, (3.3.1)

has a unique fized point for any sufficiently small || .More precisely, if k is a positive
constant such that

A< KIS forall feE.

then Tf = f has a unique solution whenever |a|k < 1.

20



3.3. Application in integral equation

Proof.

Since A is bounded, there exists a constant k such that

[AfL = ALl S kllfi = fo|l forall fi, f> € E.

Thus
ITfi —Thl = la| |Afi — Afell < lal k][ f1 — fol ,

and hence T is a contraction whenever |o| < ;.
In such a case T' has a unique fixed point by Theorem (2.2.3).
When the iterative process is applied in the case described in the previous theorem, we

obtain the following sequence approximating the solution:

fo = an arbitrary element of E,
fi = Th=aAfo+e,
fa = T(aAfo+p) = A fo +adp + o,

fn = a"A"fo+a" A o+ L+ QP A% fy + ade + @,

Therefore, the solution f can be written as
f=aAp+p+a?A%o+---+a"A"o+ . (3.3.2)

Note that the choice of fj is irrelevant for the solution. However, since some choices of
fo give faster convergence of the series, in applications it may be important to make a good

“first guess”. Formally, the expansion (3.3.2) can be obtained directly from the equation

f—aAf =y
by expanding (I — aA)~! into a geometric series

(I—ad)™ =T+aAd+aA*+---.
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3.3. Application in integral equation

Theorem 3.3.2 (Fredholm linear integral equation)

The equation
=a / K(z,y)f(y)dy + p(x)

has a unique solution f € L?([a, b]) provided the kernel K is continuous in [a,b] X

la,b], o € L*([a,b]), and |a|k < 1, where

b b
k= / / K (2, y)* dedy.

a a

Proof.

Consider the operator
b

(Tf)(x) = a / K (2, 9)f(y)dy + o).

Since ¢ € L?([a, b)), Tf € L*([a,b]), if

/K ©,9)f(W)dy € L([a,b)). (3.3.3)

By Schwarz’s inequality, we find
b 2

/K(fv,y)f(y)dy < /IK(Ly)f(y)ldy

a a

< ( <xydy) (/f dy)

Therefore,

and

/5@ oswai) a0 < / ( / 1K (2, ) dy / f(y)2dy) da
/b/bIK(x,y)|2dydx/b|f(y)\2dy-

22
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3.3. Application in integral equation

Since
b b b
/ / K (z,y)* dydz < 0o and / F)Pdy < oo,

(3.3.4) is satisfied and thus, T maps L*([a,b]) into it self.
Note that the above shows also that the operator defined by

(Af)(x) = / K (. 9)f (4)dy.

is bounded. Therefore, by the Theorem (3.3.1), the equation 7'f = f has a unique solution

whenever |alk < 1. =
Theorem 3.3.3 (Fredholm non-linear integral equation)

Suppose

b

. / k(e . f)dy|| < M ||| forall f € L*((a, b)),

hd |k($,y,21) - k’(l‘,y, 22>| S N($7y) |21 - Z2| for all T,Y,21,%2 € [CL, b]
b b

3 //|N(x,y)|2dxdy<k2<oo.

Then the nonlinear Fredholm equation

b

0) = o [ Kle.p) )y + o0 (3:3.4)
has a unique solution f € L?*([a,b]) for every ¢ € L%*([a,b]) and every « such that
la] k < 1.
Proof.

Consider the operator

Tf=aAf+ ¢
where

(Af)(@) = [ k(z,y, f(y))dy.

Se— .
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3.3. Application in integral equation

Then

b

ITH=ThH| - mr/wuwjm»—ua%ﬁ@»@

a

[N

b 2

t/M@%ﬁ@%%@&ﬁ@M@ da

IA
=
—

b b 2
< Jof / /N@wnmw—ﬁwﬂ@ d
< Jalkfi— fall.

Clearly, if |a| k < 1, then T is a contraction operator and thus it has a unique fixed point.

That fixed point is a solution of Equation (3.3.5). m

Example 3.3.1

Solve the Fredholm integral equation by using the successive approximations method

1

or)=c+e" — /xtgp(t)dt. (3.3.5)

0

For the zeroth approximation ¢,(z), we can select
wo(x) = 0. (3.3.6)

The method of successive approximations admits the use of the iteration formula

1

Op(x) =2 +€" — /xtgon(t)dt, n > 0. (3.3.7)
0
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3.3. Application in integral equation

Substituting (3.3.7) into (3.3.8) we obtain

1

o) = x+¢€° —/a:tgoo(t)dt:ac+ex,

0
1
1
po(x) = x+e€"— /xtgpl(t)dt =e" — 3%
0

1
1
p3(x) = x+e" — /a:t%(t)dt =e" + g%

0

Ppaa() = z+e / b (1) f+
0
Consequently, the solution ¢(z) of (3.3.6) is given by

o(z) = lim ¢, (x) = €.

Volterra Integral Equations

Suppose ¢ € L*([a,b]) and the kernel K satisfies the condition

b b
// K (z,y)|* dedy < oo. (3.3.8)
Then the equation

—a/K z,y) f(y)dy + ¢(x) (3.3.9)

has a unique solution in L?(|a, b]) for arbitrary « € C. The solution can be written in

the form .
)+ an/Kn(x, t)(t)dt, (3.3.10)
n=1

where the kernels K, (z,t) satisfy the recurrence relation

Ki(x,t) = K(z,t) (3.3.11)

xT

Koz, 1) = / (2, ) Koy 1(2, )dE, for n > 2.

a
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3.3. Application in integral equation

Proof. We set
/\Kwy)\dy and B(z /]ny]d:v

By(3.3.9), A and B are integrable functions, so that there exists a constant M such that

/bA(a:)dx < M and /bB(:c)dy < M.

a a

We also introduce the function A on [a, b] defined by

Clearly 0 < A(z) < M for all « € [a, b].Consider the operator
(T)@) = o [ K f0)dy + o(a).

We shall show that 7™ is a contraction for some n € N, and then use Theorem(2.2.3) to

conclude that T has a fixed point. That fixed point must be a unique solution of (3.3.10)If

we write
Tf=aWf+¢
where
/ny y)dy,
then

T = p 4+ aWp+ a*W2p + ... + a"W".

The operators W™ can be written in the form

/K z,y)9(y)dy,

where the kernels K, are defined by (3.3.12). Indeed, for m =2 we have
— [ K@) [ Koy
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3.3. Application in integral equation

This integral can be considered as a double integral over the triangular region {(y,z) : a <
y < zand a < z < z} (see Figure 1 ). After interchangingthe order of integration, we

obtain

(W2g)(x) = / / K (. 2)K (2, y)dzg(y)dy.

If we denote

Kola,y) = / Kz, 2)K (=, y)dz,

then by a similar argument we get
o)) = [ [Kiw,2)Kalz.y)dzg(y)dy
a y
and so on, as stated earlier.a

zh

| | o
a z 1Y

Figure 1:The triangular region

{(y,2) ra<y<z and a <z <z}
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3.3. Application in integral equation

To estimate||IV™|| , we examine K,,. for m = 2, application of Schwarz’s inequality gives
Ko = | [Kle 2K (o)

< / K (z,2) dz / K (2 )P dz < A(x)B(y).
Yy Yy
Similarly,

Kz, y)f < / K (z,2) dz / K (=, y) dz

< A@B() [ Az = A@WBE)E) - Aw))

By induction, we can show that

Ko (2,9)|” < A(2)B(y)

Therefore,

T fi() — T fol@) 2 = Jof*" / Koo, 9) (1 (y) — foly))dy

< Ja? /A(:c)B(y)(Ej;(f)Q— dy / iy o) dy
o> Alz)(\a))"™ r )

< o G/B(y)dyllfl—sz

< A 1y g,

Integrating with respect to x in [a, b], we obtain

2m
al™ M™
IT™ fi(x) — T™ fo2)]]? < |(7L ol Ifi — fol*  form > 2.
Therefore, since there exists n € N such that
o M
— <1
(n—1)! ’
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3.3. Application in integral equation

T" is a contraction. In view of Theorem (2.2.3) Equation (3.3.10) has a unique solution

that can be written in the form
lim 7" f = ¢ + aWo + o*Wpo + o*W3p + ...,

n—oo

or, equivalently, i
ﬂ@:¢m+§jw/mmmm@ﬁ
n=1
] a
Theorem 3.3.4 (Homogeneous Volterra equation)

The homogeneous Volterra equation
ﬂ@:a/K@jﬁ®ﬁ, v e0,1] (3.3.12)

has only the trivial solution f = 0.

Proof. From (3.3.12), we have

£@)] < a [ 1KG.0]1£(0)]dt < adp, (3:3.13)

where
1

p= | Ife)d
0
and M is a constant such that |K(z,t)] < M for all z,¢ € [0,1]. Hence , by using (3.3.13)

in (3.3.12), we obtain
F(@)] < o] / K (2,0)] o] Mpdt < |of2 M2p.
0

By continuing the process, we get

$n—1 |Oé|n an
(n—1!" (n—1)!
This shows f(x) =0 for all x € [0, 1].

[f(@)] < [al” M"p — 0 asn — oo
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3.3. Application in integral equation

Example 3.3.2

Solve the Volterra integral equation by using the successive approximations method

xT

olz) =1- / (2 — D)p(t)dt.

0

For the zeroth approximation fy(x), we can select
wo(x) = 1. (3.3.14)

The method of successive approximations admits the use of the iteration formula

xT

Opir(z) =1— /(x —t)p, (t)dt,n > 0. (3.3.15)

0

Substituting (3.3.14) into (3.3.15) we obtain

Consequently, we obtain
n 2k

Pun(®) = D1

k=1

The solution ¢(z) is

plx) = Jim g, (a) = cos(a).
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Conlusion

In this memory we treated the difference or equivalence between the two Banach and Kan-

nan’s principles on metrics spaces and functional spaces.
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Résumé \

Les theoremes du point fixe sont des outils trés important dans
I'analyse fonctionnelle, dans ce mémoire on étude la différence
entre le principe de Banach et kannan dans I'espace métrique et

I'espace fonctionnel.
Mots cles: Point fixe, espace metrique, espace de Banach,

A/bsﬁ”act \

Fixed-point theorems are very important tools in functional
analysis, in this memory we study the different between the
Banach and Kannan's principle in two cases metric spaces and
functional spaces.

Key words: Fixed point, metric space, Banach space,
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